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Abstract: Discrete element (DE) simulation of a ball mill with a large number of particles is challenging when each 1 
particle is considered. Similarity principle could be adopted to reduce the number of particles in a simulation whilst 2 
still maintaining the accurate flow behaviour of particles. This paper presents a scaling relationship between 3 
particle gravitational acceleration, mill diameter and mill rotational speed. A series of scaled simulations of particle 4 
motion with different mill diameters are carried out. Consistent motion of a single particle and multiple particles in 5 
ball mills with different diameters and rotational speeds verifies the proposed relationship, which could be an 6 
effective approach to reduce the size of simulations for ball mills. 7 
Key words: similarity principle; ball mill; particle motion; discrete element method 8 
 9 
1. Introduction 10 
Rotating drums have been widely employed in chemical, cement, mineral and pharmaceutical industries. Ball mill is a 11 
type of rotating drum, mainly used for grinding and the particle motion in a ball mill is a major factor affecting its final 12 
product. However, understanding of particle motion in ball mills based on the present measurement techniques is still 13 
limited due to the very large scale and complexity of the particle system. Quantitative information, such as particle 14 
distributions and energy change, is still difficult to obtain through experiments. Thus, computer-based numerical methods 15 
have been proposed to further investigate the particle motion in a ball mill.  16 
As one of the main particle-based methods, the discrete element method (DEM) was first proposed by Cundall [1] in 17 
1979 to simulate the rock fracture problem. DEM is based on Newton's second law to track the movement of each 18 
particle in the particle assembly and simulate the collision of between particles. It has been successfully applied to soil [2, 19 
3], rock [4], powder [5-7] and other bulk materials for particle movement analysis and ceramic [8-10], concrete [11, 12] 20 
and other brittle materials for crushing and crack propagation simulations. Although the DEM has provided useful results 21 
in the simulation of particle flow behaviour, it requires extremely large computer capacity as the numerical model 22 
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reaches to a level of tens of millions of particles in three dimensions. As an attempt to address this large scale issue, Feng 23 
and Owen [13] proposed a scale classification method by the number of particles, such as micro-scale (<106), meso-scale 24 
(106~109) and macro-scale (>109). Micro-scale problems with less than several million particles have been modeled by 25 
DEM. However, real industrial applications may involve billions of particles as classified as macro-scale, such as a ball 26 
mill, rotary dryer, crusher, etc. DEM has been used to interpret the movement of particles and improve the operation and 27 
production of rotating drum in the last two decades. Finnie et al. [14] cited the scaling relationship for rotating drums 28 
derived from Ding et al. [15] and used DEM to simulate the process of particle movement in horizontal rotary kiln and 29 
analyzed the longitudinal and transverse particles when including filling rate and speed. Siiria et al. [16] studied the 30 
mixing process of powder and tracked the trajectories of the kinematic roots of each particle using DEM; furthermore, 31 
the authors analyzed and compared the average energy of each particle simulation system. The DEM results from the 32 
above studies helped to improve the understanding of the movement law of the particles and optimization of the 33 
equipment geometry and operation parameters.  34 
A number of researchers have reported their simulation strategies for rotating drums in the literature, as enumerated in 35 
Table 1. For the sake of reducing the scale of the calculation, suggested ways are reducing the size of the model and the 36 
filling rate [17-23]. However, industrial rotating drums are much larger than the aforementioned studies and a detailed 37 
study on the specific effects of scaling model is still absent. Powell et al. [24] simulated a short slice of the mill thus the 38 
number of balls was reduced from 4.5 million to 110 thousand resulting in a reduction of simulation time by at least 39 
50-fold. From the above reference survey, it is found that most of the DEM simulations are very different to the real mill 40 
systems and thus it is difficult to use DEM to deal with all the particles in a real mill, even with graphics processing unit 41 
(GPU) computing [25-27], parallel computing [28, 29], continuum approximation [30, 31], etc. Modern GPUs are very 42 
efficient at manipulating computer graphics and image processing, and their highly parallel structure makes them more 43 
efficient than general-purpose CPUs for algorithms where the processing of large blocks of data is done in parallel. Ge et 44 
al. [25, 26] adopted GPU to accelerate the numerical simulation in which quasi-real-time simulation is reached. Parallel 45 
computing can speed up DEM simulations and may be the most powerful solution. Using parallel computing or GPU 46 
computing to accelerate the calculation is a very attractive method, but it needs a good computer configuration as support. 47 
Continuum mechanics may be applied to both discrete and heterogeneous media through the use of homogenization 48 
theory, which provides a mathematically elegant and rigorous framework for replacing a discrete collection of interacting 49 
entities by an equivalent homogenous continuum. The use of the continuum mechanics method may be difficult to 50 
capture a variety of physical particle information from the micro-scale, and it is difficult to analyse the relationship 51 
between the particle forces. 52 
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Table 1 Summary of simulation work about rotating drums. 53 
Reference paper 
Drum 
diameter
˄mm˅ 
Ball 
diameter 
(mm) 
Ball number 
(maximum) 
Filling rate 
(by volume) 
Particle 
scale 
DEM 
platform 
[14]   21333 0.2~0.4 Micro-scale 2D 
[17] 1120 40~190  0.2~0.3 Micro-scale 3D 
[18] 125 3~5 5208 0.1  Micro-scale 3D 
[19] 254/381/900 15.2  0.4~0.24 Micro-scale 3D 
[20] 70 1.3 47000 0.3~0.92 Micro-scale 3D 
[21] 573 8~20 14431 0.35 Micro-scale 3D(EDEM) 
[22] 1696 31~88 14164 0.18 Micro-scale 3D(EDEM) 
[23] 198 2.4 5400 0.107 Micro-scale 3D 
[24] 8000 18.8~53 109956 0.4 Micro-scale 3D(EDEM) 
[25] 100~210 1~7 184608 0.35 Micro-scale 3D(GPU) 
[26] 1500 10 9606450  Meso-scale 3D(GPU) 
The present work aims to attempt the huge particle computing system problem and simulation difficulty. Firstly, the 54 
motion and force states of particles in the ball mills will be analysed according to the force balance principle. A series of 55 
conversion formulas for the PLOO¶V structural and kinematic parameters based on centrifugal force are derived. Then, six 56 
sets of three-dimensional DEM models of ball mills are established, where the movement of single particle and multi 57 
particles is numerically simulated, respectively. The conversion formulas are validated by simulation results of single 58 
particle in terms of the motion trajectories and energy change. In addition, particle motion and mass flow of multiple 59 
particles is investigated in detail to further verify the above formulas.  60 
2 Scaling theory  61 
2.1 Force Balance of Particles in the Ball mills 62 
The movement of the particulate materials in the ball mills is closely related to the rotational speed of the mill. With 63 
the increase of rotational speed of the mill, the movement of the particulate materials mainly undergoes slipping, 64 
cataracting and centrifuging [32], as shown in Fig. 1. In a ball mill, the grinding media (steel balls) are attached to the 65 
mill liner due to inertial and centrifugal forces when the mill starts to rotate. Then, the grinding media move to a certain 66 
height and are thrown under gravity. After throwing the grinding media crush the particulate materials within the ball 67 
mills to achieve comminution. 68 
Fig. 2 shows a kinematic trajectory model of the particle throwing process in the mill, where the throwing movement 69 
has a significant influence on the efficiency of the ball mill. By retrieving a certain particle in the outermost layer of the 70 
ball mills, the motion trajectories of the particle at different time during the process of dropping can be analyzed. As 71 
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shown in Fig. 2, R is the radius of ball mills; point A is the particle detachment point; Į is the detaching angle (angle 72 
between OA and the vertical direction); Ȧ is the rotational speed of mill, and t0-t5 is the different time points in the 73 
motion trajectory. When the outer particle is located at point A, the vertical component of the centrifugal force of the 74 
particle is equal to the gravity but in the opposite direction. Assuming the particle is a mass point and ignoring the role of 75 
friction, we have: 76 
cosF mg D                                       (1) 77 
where F is the centrifugal force (scalars), m is the mass of the particles, g is the gravitational acceleration, and D is 78 
the detaching angle. Then, based on centrifugal force calculation formula, F can be written as: 79 
2 2F mv R mRZ                                     (2) 80 
where v is the velocity of the particle, R is the radius of the ball mill, and Ȧ is the rotational speed of the mill.  81 
Combining Eqs. (1) and (2) gives the following: 82 
cos
g
R
Z D                                         (3) 83 
And the detaching angle of the particles can be calculated as: 84 
2
arccos
R
g
ZD                                          (4) 85 
From the above equations, it can be seen that the detaching angle is dependent on the rotational speed of the mill as 86 
well as the radius of ball mill and the gravitational acceleration. 87 
2.2 Model scaling 88 
Due to the large size of a ball mill or a rotary kiln, the number of particles is massive. Therefore, it is difficult to build 89 
a DEM model to include all the particles of real size in a mill with real geometry. Fig. 3 shows a ball mills with a radius 90 
of 3.9 m and a width of 1 m. If the particle radius is identical to 20 mm, then the number of particles would reach 91 
278,058 to achieve a 30% filling rate. However, when the radius of the ball mills is scaled down to 1 m, the 92 
corresponding width of the ball mills becomes 256 mm and the number of particles is proportionally reduced to 4,680 at 93 
the same filling rate of 30%. It can be seen that a scaling down of the size of the mill can greatly reduce the size of the 94 
particle system and improve the computational efficiency. However, it is important to ensure that the scaled model still 95 
produces accurate simulation of particles motion as the original physical model. In this regard, a scaled test is often used 96 
in engineering practice [33, 34]. In general, the scaled model first needs to have geometrical similarity in configuration, 97 
and the scaled coefficient of the physical parameters should be based on similar criteria of force or other physical 98 
quantities. In this study, the particle size is kept unchanged but the radius of ball mill is reduced. Based on the force 99 
similarity principle [13, 35], the relationship between the structural, motion, force and energy parameters of the physical 100 
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and the scaled models can be established. In order to ensure that the particle motion in the scaled model and the physical 101 
model are similar, the detaching angles in the two models must be equal, i.e., 102 
S PD D                                                   (5) 103 
where DP and DS are the detaching angle in the physical model and the scaled model, respectively. Combing Eqs. (4) and 104 
(5) gives: 105 
   2 2
arccos arccos
S S P P
S P
R R
g g
Z Z                                      (6) 106 
where ZP and ZS are the rotational speed of mill in the physical model and scaled model, respectively; gP and gS are the 107 
gravitational acceleration in the physical model and scaled model, respectively; RP and RS are the mill radius in the 108 
physical model and scaled model, respectively. 109 
S is define as the scaling factor of the radius ratio between the two models as: 110 
P
S
RS
R
    (Sı1)                                          (7) 111 
or 112 
P
S
hS
h
   (Sı1)                                           (8) 113 
Accordingly, Eq. (6) can be reformulated as: 114 
   2 2S P
S P
S
g g
Z Z                                           (9) 115 
If the gravitational acceleration in the physical model and scaled model are equal ( ), ȦS can be calculated as: 116 
S PSZ Z                                            (10) 117 
Thus the rotation speed of the mill in the scaled model needs to be ? ܵ times that of the physical model.  118 
 Alternatively, if the rotational speed of mill in the physical model and scaled model are equal ( ), gS can be 119 
calculated as: 120 
/S Pg g S                                                (11) 121 
Thus the gravitational acceleration in the scaled model needs to be reduced to 1/S times the physical model. 122 
S Pg g 
S PZ Z 
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2.3 Energy conversion  123 
The working principle of rotary cylinder type devices such as a ball mill is that the grinding media moves to a certain 124 
height with the ball mill. Then the media falls under the influence of gravity and crushes the material in the mill. 125 
Therefore, the law of energy variation in the material falling process can be established, and the equivalence of the scaled 126 
model can be verified. Based on the law of energy conservation, the change of kinetic energy and the change of potential 127 
energy are equal in the process of falling, denoted as _'E_ which is calculated by:  128 
2 21 1
2 2b a b a
E mv mv mgh mgh'                                (12) 129 
where va and vb are the velocities at any two points a and b LQWKHSDUWLFOH¶VIDOOLQJSURFHVVUHVSHFWLYHO\ha and hb are the 130 
height at any two points a and b in the particles falling process, respectively. 131 
Combing Eq. (8) and Eq. (12), we have: 132 
( ) ( )P P P S Sb a aS bPE mg h h Smg h h'        (if gS=gP)                  (13) 133 
and combing Eqs. (8), (11) and (12), we have: 134 
2( ) ( )P P P P S S Sb a b aE mg h h S mg h h'       (if ȦS ȦP)                (14) 135 
where _'E_P is the change of energy between any two points a and b of the particle throwing process in the physical 136 
model; haP, hbP is the height of the different positions of the ball mill in the physical model; haS, hbS is the corresponding 137 
height of the different positions of the ball mill in the scaled model.  138 
If we denote _'E_S = mg(hbS - haS), then 139 
1/
S
P
E
S
E
'  '      (if g
S
=gP)                               (15a) 140 
21/
S
P
E
S
E
'  '      (if Ȧ
S ȦP)                              (15b) 141 
This indicates that when the gravitational acceleration in the scaled model is kept constant, the change of energy of the 142 
particles falling in the scaled model is 1/S of the physical model; when the rotational speed of mill in the scaled model is 143 
kept constant, the change energy of the particles falling in the scaled model is 1/S2 of the physical model. According to 144 
the above calculations, the ratios of the physical quantity in the scaled model to those in the physical model are listed in 145 
Table 2. 146 
Table 2 Scaling factors for the physical quantities. 147 
Simulation Parameters O1 O2 
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Radius of ball mill R 1/S 1/S 
Height of particle position h 1/S 1/S 
Gravitational acceleration g 1 1/S 
Rotational speed of mill Z S
 
1 
Energy change '( 1/S 1/S2 
Note that O1 is the scale factor representing the ratio of the physical quantity in the scaled model to the physical quantity 148 
in the physical model when g is constant, and O2 is the scale factor representing the ratio of the physical quantity in the 149 
scaled model to the physical quantity in the physical model when Z is constant. 150 
3 Numerical simulations 151 
3.1 Discrete element method 152 
The DEM is a numerical method to address the kinematic and mechanical behaviour of complex granular systems 153 
involving many discrete units with certain shapes and masses. It has been widely used in ball mills [18, 36] to determine 154 
the particles behaviour and the torque and energy of ball mills in different working conditions. In DEM each particle is 155 
tracked and its motion is governed by Newton's second law: 156 
Translational motion   i i g im F Vt
E d
d
V
                                       (16) 157 
Rotational motion   
d
d
i
i g iI Mt
E Z Ȧ                                         (17) 158 
where i (=1, 2, 3) denotes the x, y and z coordinate directions, respectively; F i is the out-of-balance force component of 159 
the particle; Vi is the translational velocity; m is the mass of the particle; Mi is the out-of-balance moment due to the 160 
contacts; Zi is the rotational velocity; I is the rotational inertia of the particle; ȕg is the global damping coeƥcient; dt is 161 
the time step. 162 
The particle-particle interaction is determined by contact models in DEM. In this study, the Hertz-Mindlin contact 163 
model is used to describe the particle-particle and particle-wall collisions, as shown in Fig. 4. In Hertz-Mindlin no-slip 164 
model, the normal contact forces between particle a and particle b can be described as the function of normal overlap Gn 165 
[37, 38]: 166 
3/24
3
c
n nF E R G                                  (18) 167 
Where E* is the HTXLYDOHQW<RXQJ¶V0RGXOXV and R*is the equivalent radius. 168 
The normal damping forces is described as: 169 
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52
6
d rel
n n nF S m vE                                (19) 170 
Where m* is the equivalent mass, E is the damping ratio, Sn is the normal stiffness, and relnv  is the normal relative 171 
velocity between contact element a and b. 172 
The tangential contact forces between particle a and particle b depends on the tangential overlap Gt and the tangential 173 
stiffness St [37-39]: 174 
t t tF SG c                                       (20) 175 
The tangential damping force is described as: 176 
52
6
d rel
t t tF S m vE                                    (21) 177 
where relnv  is the tangential relative velocities between contact element a and b.  178 
The tangential force is limited by Coulomb friction according to t s nF FPc c .  179 
Rolling friction is accounted for by applying a torque to the contacting surfaces 180 
i c
r n i iT F RP Z 
                                  (22)  181 
Where ȝs and ȝr are the coefficient of static and rolling friction, Ri is the distance of the contact point from the center of 182 
mass for the object, and Zi is the unit angular velocity vector of the object at the contact point. The coefficients in Eqs. 183 
(18-22) are given in Table 3. 184 
Table 3 Spring stiffness and damping coefficients used in the contact model. 185 
 Normal direction Tangential direction 
Spring stiffness constant (K) 4 * *3K E Rn nG 
 *
t 8 nK G R G  
Damping coefficient (C) 
n n
5
2
6
C S mE   t t52 6C S mE
  
Stiffness (S) * *
n
2
n
S E R G  8t nS G R G   
ETXLYDOHQW<RXQJ¶V0RGXOXV 2 2
*
1 11
a b
a bE E E
J J    
Equivalent mass, 
*
1 1 1
a bm m m
   
Equivalent radius 
*
1 1 1
a bR R R
   
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Damping ratio 
2 2
ln
ln
e
e
E
S
 

 
Where e is the coefficient of restitution, and G* is the equivalent shear modulus. 186 
3.2 DEM model of the ball mill 187 
Fig. 5 shows a DEM model of the physical ball mill (the radius is 3.9 m, and the length is 1 m) and five scaled models 188 
of the ball mill; there are 25 lifters fixed on the inner wall of the mill. The two ends of the mill are set as the periodic 189 
boundary. The structural parameters of ball mill and scaled model are shown in Table 4, wherein R is the major diameter 190 
of the ball mill, r is the minor diameter of the ball mill, D1 is the width of the top of the lifters, and D2 is the distance 191 
between two adjacent lifters. The parameters of the particles and the ball mill, as well as the interaction parameters of 192 
particles-particle and particles-ball mill wall are shown in Table 5. 193 
Table 4 Geometry parameters of the ball mill in DEM models. 194 
Parameter Physical Model Scaled Models 
R (mm) 3900 3600/3300/3000/2300/1500 
r (mm) 3610 3332/3055/2777/2129/1388 
D1 (mm) 250 231/212/192/147/96 
D2 (mm) 635 586/537/488/374/244 
L (mm) 1000 923/846/769/590/385 
Table 5 Parameters used in DEM simulations. 195 
Parameter  Value 
Radius of particle Ri (mm) 20 
Density of particle ȡi (kg/m3) 2678 
Filling rate Ș (% volume) 30 
Time of simulation T (s) 20 
Porosity n 0.35 
Poison ratio ȣ 0.3 
Shear modulus G (pa) 2.3u107 
Density of mill ȡd (kg/m3) 7680 
Static friction coefficient of particle-particle ȝ1 0.545 
Static friction coefficient of particle-wall ȝ2 0.5 
Rolling friction coefficient of particle-particle mr1 0.01 
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Rolling friction coefficient of particle-wall mr2 0.01 
Restitution coefficient of particle-particle e1 0.1 
Restitution coefficient of particle-wall e2 0.2 
 196 
3.3 DEM simulations of ball mills 197 
To verify the accuracy of the formula proposed above, a physical model and five scaled models of ball mills are 198 
built using the EDEM software (DEM Solutions Ltd., UK). The detaching angles and the energy conservation by 199 
observing the trajectories of a single particle in the ball mill in all models are compared and verified. However, any single 200 
particle cannot move freely without colliding with others inside a ball mill, and an actual industrial mill always has a 201 
huge number of particles. Therefore, the simulation of a single particle cannot fully explain the problem of particle 202 
motion. Further verifications for multiple particles must be completed. In the single particle simulation, the radius of 203 
particles in all models is 20 mm and the mass of the particle is 0.089 kg. In the simulations of multiple particles, the 204 
number of particles (the radius of the particle is normal distribution, the average particle size is 20 mm) will be generated 205 
according to a filling rate of 30%. The motion of the particles will be observed at different times. The following two 206 
schemes are used for the simulations:  207 
(1) Setting the gravitational acceleration g = 9.81 m/s2, the rotational speed of the mill after scaling is then 208 
calculated according to Eq. (10). The physical parameters and scale coefficients are chosen according to Table 6. 209 
(2) Setting the rotational speed of mill Z =1 rad/s, the gravitational acceleration after scaling is calculated according 210 
to Eq. (11). The physical parameters and scale coefficient are chosen according to Table 7. 211 
Table 6 Physical parameters in each model with identical gravitational acceleration. 212 
Parameter Physical model Scaled model 1 Scaled model 2 Scaled model 3 Scaled model 4 Scaled model 5 
Radius of ball mill (m) 3.9 3.6 3.3 3.0 2.3 1.5 
Gravitational acceleration (m/s2) 9.81 9.81 9.81 9.81 9.81 9.81 
Rotational speed of mill (rad/s) 1.00 1.04 1.09 1.14 1.30 1.61 
Frouder number  0.40 0.40 0.40 0.40 0.40 0.40 
Total mass of particles (kg) (single 
particle / multiple particles) 
0.089/2.06×104 0.089/1.62×104 0.089/1.34×104 0.089/8.97×103 0.089/4.49×103 0.089/1.19×103 
Scale coefficient 1.000 1.083 1.182 1.300 1.696 2.600 
Table 7 Physical parameters in each model with identical mill rotational speed. 213 
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Parameter  
Physical model Scaled model 
1 
Scaled model 
2 
Scaled model 
3 
Scaled model 
4 
Scaled model 5 
Radius of ball mill (m) 3.9 3.6 3.3 3.0 2.3 1.5 
Gravitational acceleration (m/s2) 9.81 9.06 8.30 7.55 5.78 3.77 
Rotational speed of mill (rad/s) 1.00 1.00 1.00 1.00 1.00 1.00 
Frouder number 0.40 0.40 0.40 0.40 0.40 0.40 
Total mass of particles (kg) (single 
particle / multiple particles) 
0.089/2.06×104 0.089/1.62×104 0.089/1.34×104 0.089/8.97×103 0.089/4.49×103 0.089/1.19×103 
Scale coefficient 1.000 1.083 1.182 1.300 1.696 2.600 
4 Results and discussion 214 
4.1 Single particle 215 
The motion trajectories of the single particle in the physical model and the five scaled models are shown in Fig. 6. 216 
The origin of the coordinate system is the center of the ball mill. Figs. 6(a) and 6(b) show the trajectories of the particle 217 
under different rotating speeds (set g = 9.81 m/s2) and different gravitational acceleration (set Ȧ = 1 rad/s), respectively. It 218 
can be seen that the particle is generated at the bottom of the mill in Fig. 6. When the mill starts to rotate, the particle 219 
rises up with the ball mill until it is thrown out, and the trajectory of the process is parabolic. Then, the particle hits with 220 
the mill wall, resulting in rebound until it is balanced. The particle then rises up again with the ball mill and a new cycle 221 
starts. From Fig. 6, it can be concluded that the trajectories of the particle in the scaled model are consistent with that in 222 
physical model and the detaching angles in each model are approximately 68°. 223 
To verify the energy relationship between the scaled model and the physical model, the energy change of the single 224 
particle in each model is monitored, and the energy change curves of the six models are shown in Fig. 7. 225 
In general the energy change curves can be divided into four regions. In region I, the particle is formed at the middle 226 
bottom in the ball mill. The particle collides with the mill wall and rebounds slightly when the rotating starts. Therefore, 227 
the kinetic energy curve suddenly jumps at the moment of collision, and disorderly fluctuation appears due to the 228 
rebound of the particle. The potential energy curve is parabolic because of particle rebound. In region II, the particle 229 
reaches equilibrium and then rise up with mill rotation. Hence, the kinetic energy is relatively low, and the potential 230 
energy curve gradually increases as the particle position increases. In region III, the particle moves to the detaching point 231 
(point A in Fig. 6), and the particle starts to detach from the mill wall and is thrown out. The particle then continues to 232 
rise up to the highest position until it touches the mill upon falling. Therefore, the kinetic energy curve shows a slightly 233 
downward trend. The potential energy curve continues to rise, reaching the maximum value when the particle moves to 234 
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the highest position (t1 in Fig. 6), and then decreases when the particle drops. In region IV, the particle collides with the 235 
ball mill, resulting in rebounding; hence, disorderly fluctuations appear in the kinetic energy curve. The ups and downs 236 
appear in the potential energy curve several times due to the particle rebounds. Then, the energy curve goes into region II 237 
again, and the next cycle begins. 238 
From Fig. 7, it can be seen that the kinetic energy change curve obtained in the two schemes is approximately 239 
parabolic upward in the particle throwing stage. The potential energy change curve is a parabola with a downward 240 
opening; when one curve is rising, the other is falling. To further study the energy change law of the physical and the 241 
scaled models, the energy data of the two corresponding positions of the particle throwing process in the six simulation 242 
models are extracted. The change of kinetic energy and potential energy are obtained. If the gravitational acceleration 243 
was set to 9.81 m/s2 and the rotational speed of mill is changed (see Table 6), the energy change data between the two 244 
points of șa (2.591 rad) and șb (3.568 rad) in Fig. 7 are extracted as shown in Table 8. If the rotational speed of the mill 245 
was set to 1 rad/s and the gravitational acceleration is changed (see Table 7), the energy change data between the two 246 
points of șc (2.580 rad) and șd (3.570 rad) in Fig. 7 are extracted as shown in Table 9. The energy change ratio figure is 247 
drawn based on the data in Tables 8 and 9, as shown in Fig. 8. It can be seen that the ratio of the energy change in the 248 
scaled model to the energy change in the physical model is linear with 1/S at different rotational speeds (Correlation 249 
coefficient of 0.998), and the ratio of the energy change in the scaled model to the energy change in the physical model is 250 
squared with 1/S at different gravitational acceleration (Correlation coefficient of 0.996). This is consistent with the Eq. 251 
(15) derived above. 252 
 253 
Table 8 Values of energy change (change rotational speed of the mill). 254 
Parameters Physical model Scale model 1 Scale model 2 Scale model 3 Scale model 4 Scale model 5 
Radius of mill (m) 3.9 3.6 3.3 3.0 2.3 1.5 
Energy change _'K_ (J) 4.57 4.22 3.79 3.44 2.70 1.77 
1/S 1.000 0.923 0.846 0.769 0.589 0.385 
Actual ratio 1.000 0.922 0.830 0.753 0.591 0.387 
Table 9 Values of energy change (change the gravitational acceleration). 255 
Parameters Physical model Scale model 1 Scale model 2 Scale model 3 Scale model 4 Scale model 5 
Radius of mill (m) 3.9 3.6 3.3 3.0 2.3 1.5 
Energy change _'K_ (J) 4.39 3.76 3.15 2.61 1.55 0.66 
1/S2 1.000 0.852 0.716 0.592  0.348  0.148 
Actual ratio 1.000 0.856 0.718 0.594 0.353 0.151 
 256 
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4.2 Multiple particles 257 
The simulation results of a single particle show that the overall motion of a single particle in the scaled model can be 258 
consistent with that in the physical model by changing the rotational speed of the mill or the gravitational acceleration. 259 
However, for practical industrial applications wherein the number of particles is huge, the simulation of a single particle 260 
cannot fully explain the problem of particle motion. Therefore, simulations of multiple particles are essential. According 261 
to the parameters shown in Tables 6 and 7, six simulation models are established. The comparison of the entire particle 262 
motion morphology in different simulation models at different times is examined, as shown in Figs. 9 and 10. To better 263 
compare the particle motion, the particles in Figs. 9 and 10 initially coloured in red and blue before the ball mill begins to 264 
move. The surface contour data of the particles in those six scaled models at different time intervals are extracted and 265 
plotted in Fig. 11. Combining Figs. 9, 10, and 11, the general particle motion during the throwing process in different 266 
simulation models is consistent. Notably, since the number of particles decreases as the size of the model decreases, the 267 
particle curtain of the scaled model appears more dispersed than in the physical model. However, by observing the 268 
distribution of red and blue, it can be seen that there are subtle deviations in the mix effects of particles in different 269 
models. It should be noted that this study has examined only the force similarity of single particles to derive the 270 
relationship between the gravitational acceleration and the rotational speed of scaled models, without considering the 271 
influence of the contact between particles. Thus, our conclusion is feasible for single particles by changing the rotational 272 
speed and gravitational acceleration, and it is also feasible for the outer boundary of the multi particles during the 273 
throwing process. Since we concentrate on the particles in the process of throwing, only the profiles of the particle 274 
curtains in different models are extracted and compared as shown in Fig. 12 (For simplicity, it only shows the 275 
second, fourth, sixth, and seventh particle curtains when the rotation angle is 8 rad). From Figs. 12b and c, the 276 
upper end contour of the particle curtain fits well and the lower end has a normal deviation due to more dispersed 277 
particles. To further illustrate the gain of computational efficiency by implementing the similarity approach, the 278 
calculation time of each simulation is counted and listed in Table 10. All the simulations are carried out on a Dell 279 
PowerEdge T620 workstation with an Inter (R) Xeon (R) CPU E5-2643 of 3.30 GHz and a RAM of 96.0 GB.  280 
Table 10 Calculation time of each simulation. 281 
 Physical model Scaled model 1 Scaled model 2 Scaled model 3 Scaled model 4 Scaled model 5 
Radius of mill (m) 3.9 3.6 3.3 3.0 2.3 1.5 
Total mass of particles (kg) 2.06×104 1.62×104 1.34×104 8.97×103 4.49×103 1.19×103 
Total number of particles 231461 182022 150562 100786 50449 13370 
Elapsed computation time (hours) 35.20 25.60 11.10 10.50 7.05 0.65 
 282 
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To further verify the formula proposed above, a particle mass flow monitoring box is established at the same position 283 
of the physical model and the scaled models, and the size of the box is equal to the size of the groove between two 284 
adjacent lifters, as shown in Fig. 13 In each model, the mass of the particles in the monitoring box is measured at 285 
different times and divided by the total mass of particles. The chart of mass flow monitoring is obtained via statistical 286 
comparison, as shown in Fig. 14. From the mass flow monitoring curve, the particle flow trends in the physical model 287 
and the scaled models are almost identical. 288 
5. Conclusions and future work 289 
The relationship between the detaching angle of the particle and the radius of the ball mill, the rotational speed of the 290 
mill and the gravitational acceleration is investigated by analysing the force balance of a single particle at the moment of 291 
detachment from the mill wall. The DEM models of particle movement in ball mills with different radii are developed, 292 
and the detaching angles remain similar by changing the rotational speed of the mill and the gravitational acceleration. 293 
From the aspects of the motion trajectory of a single particle and the energy change, the above equation is verified, and 294 
the following conclusions are obtained: 295 
(1) In DEM simulations, if the system is too large to model according to the actual size of 1:1, the influence of the 296 
model or particle size on the accuracy of the simulation results must be evaluated. 297 
(2) To reduce the computational scale of the simulation and improve the computational efficiency, methods that reduce 298 
the size of the model and change the particle size can be used. However, the simulation of the kinematic parameters (such 299 
as rotational speed) or physical parameters (such as gravitational acceleration) must be calibrated. 300 
(3) To ensure that the particle detaching angles in scaled models are identical, the rotational speed of the mill in the 301 
scaled model needs to be increased to  ? ܵ times that of the physical model if the gravitational acceleration is kept 302 
constant. The energy change of the particle throwing process in the scaled model is 1/S times of the physical model. If 303 
the rotational speed of the mill is kept constant, the gravitational acceleration in the scaled model needs to be decreased 304 
to 1/S times that of the physical model, and the energy change in the particle throwing process in the scaled model is 1/S2 305 
times of the physical model. 306 
The present similarity approach of particle force balance produces well consistent simulation results in the 307 
single-particle system, and it also well captures the falling process of the multiple-particle system. By changing the 308 
rotational speed and gravitational acceleration to reduce the simulation system, the calculation speed and efficiency are 309 
much improved. However, it should be noted that the interactions between particles need to be considered in the 310 
multiple-particles systems in the future, especially in the performance of particle mixing. Further study of the similarity 311 
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of the particle contact characteristics is necessary to make the mixing process of the particles consistent with the physical 312 
model.  313 
Nomenclature 314 
R radius of ball mill (mm) 
RP radius of the physical model (mm) 
RS radius of the scaled model (mm) 
D detaching angle (°) 
DP detaching angle in the physical model (°) 
DS detaching angle in the scaled model (°) 
Ȧ rotational speed of mill (rad/s) 
ȦP rotational speed of mill in the physical model (rad/s) 
ȦS rotational speed of mill in the scaled model (rad/s) 
F centrifugal force (N) 
m mass of the particle (kg) 
g gravitational acceleration (m/s2) 
gP gravitational acceleration in the physical model (m/s2) 
gS gravitational acceleration in the scaled model (m/s2) 
S scaled coefficient 
va, vb velocity of any two point between t1-t5 (m/s) 
ha, hb height of any two point between t1-t5 (m) 
haP, hbP height of any two point between t1-t5 in the physical model (m) 
haS hbS height of any two point between t1-t5 in the scaled model (m) 
_'E_ energy change (J) 
_'E_P energy change in the physical model (J) 
_'E_S energy change in the scaled model (J) 
O1, O2 scale factor 
F i out-of-balance force component of the particle 
Mi unbalanced moment component caused by contact force (N/m) 
Ȧi rotational speed of particle (rpm) 
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I rotational inertia of the particle (kg·m2) 
ȕg global damping coeƥcient 
dt time step (s) 
Vi translational velocity (m/s) 
Kn normal spring stiffness constant 
Kt tangential spring stiffness constant 
Cn normal damping coefficient 
Ct tangential damping coefficient 
E* HTXLYDOHQW<RXQJ¶V0RGXOXV 
Young's Modulus of contact element a and b 
Poisson ratio of contact element a and b 
radius of contact element a and b 
equivalent mass 
damping ratio 
normal stiffness 
mass of contact element a and b 
coefficient of restitution 
normal relative velocity between contact element a and b 
tangential overlap 
tangential stiffness  
Ea, Ea 
Ja, Jb 
Ra, Ra 
m* 
E 
Sn 
ma,mb 
e 
rel
nv  
Gt 
St 
G* equivalent shear modulus 
Ga, Gb shear modulus of contact element a and b 
rel
tv  tangential relative velocities between contact element a and b 
ȝs, ȝr coefficient of static and rolling friction 
Ri radius of particle (mm) 
ȡi density of particle (kg/m3) 
Ș filling rate 
T time of simulation (s) 
n porosity  
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ȣ poison ratio  
G shear modulus (pa) 
ȡd density of mill (kg/m3) 
ȝ1ȝ2 coefficient of static friction of particle-particle and particle-wall  
mr1, mr2 coefficient of rolling friction of particle-particle and particle-wall  
e1, e2 restitution coefficient of particle-particle and particle-wall  
 315 
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List of figure captions: 
Fig. 1. Schematic diagram of the material movement in the ball mill. 
Fig. 2. Motion trajectory of a particle in the outermost layer of the mill. 
Fig. 3. (a) Particles in the physical model; (b) particles in the scaled model. 
Fig. 4. Contact model of ball-ball. 
Fig. 5. (a) Schematic diagram of the ball mill; (b) DEM model of the ball mill. 
Fig. 6. Motion trajectories of particle in two schemes: (a) change rotational speed of the mill; (b) change the 
gravitational acceleration. 
Fig. 7. (a) Energy change at different rotational speeds of mill (g=9.81 m/s2); (b) Energy change at different 
JUDYLWDWLRQDODFFHOHUDWLRQȦ UDGV 
Fig. 8. Ratio of energy changes in two schemes: (a) change the rotational speed of the mill; (b) change the gravitational 
acceleration. 
Fig. 9. Particle motion patterns in the physical model and the scaled model at different rotational angles when changing 
the mill rotational speed. 
Fig. 10. Particles motion patterns in the physical model and the scaled model at different rotational angles when 
changing the gravitational acceleration. 
Fig. 11. Schematic diagram of the evolution of the overall surface profiles of particles in the ball mill: (a) change the 
rotational speed of the mill; (b) change the gravitational acceleration. 
Fig. 12. The contour of the particle curtain (a) Particle curtain number; (b) change the rotational speed of ball mill; (c) 
change the gravitational acceleration. 
Fig. 13 (a) Monitoring box in the ball mill; (b) red circle "A" in the enlarged view. 
Fig. 14. Flow monitoring results for mills with different radii: (a) change the rotational speed of the mill; (b) 
change the gravitational acceleration. 
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(a) Slipping               (b) Cataracting              (c) Centrifuging 
Fig. 1. Schematic diagram of the material movement in the ball mill [33]. 
 
 
 
 
Fig. 2. Motion trajectory of a particle in the outermost layer of the mill. 
 
 
 
 
Fig. 3. (a) Particles in the physical model; (b) particles in the scaled model. 
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Fig. 4. Contact model of ball-ball. 
 
 
 
 
 
 
Fig. 5. (a) Schematic diagram of the ball mill; (b) DEM model of the ball mill. 
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Fig. 6. Motion trajectories of particle in two schemes: (a) change rotational speed of the mill; (b) change the 
gravitational acceleration. 
 
Fig. 7. (a) Energy change at different rotational speeds of mill (g=9.81 m/s2); (b) Energy change at different 
gravitational acceleration (Ȧ UDGV 
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Fig. 8. Ratio of energy changes in two schemes: (a) change the rotational speed of the mill; (b) change the gravitational 
acceleration. 
 
 
 
 
Fig. 9. Particle motion patterns in the physical model and the scaled model at different rotational angles when changing 
the mill rotational speed. 
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Fig. 10. Particles motion patterns in the physical model and the scaled model at different rotational angles when 
changing the gravitational acceleration. 
 
 
 
 
 
 
Fig. 11. Schematic diagram of the evolution of the overall surface profiles of particles in the ball mill: (a) change the 
rotational speed of the mill; (b) change the gravitational acceleration. 
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Fig. 12. The contour of the particle curtain (a) Particle curtain number; (b) change the rotational speed of ball mill; (c) 
change the gravitational acceleration. 
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Fig. 13 (a) Monitoring box in the ball mill; (b) red circle "A" in the enlarged view. 
 
 
 
 
 
 
 
 
 
 
Fig. 14. Flow monitoring results for mills with different radii: (a) change the rotational speed of the mill; (b) 
change the gravitational acceleration. 
 
